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Abstract
Much recent progress has been made concerning the probable existence of Odd Perfect Num-
bers, forming part of what has come to be known as Sylvester’s Web Of Conditions [5]. This
paper proves some results concerning certain properties of the sums of reciprocals of the factors
of odd perfect numbers, or, in more technical terms, the properties of the subsums of σ
−1(n). By
this result, it also establishes strong bounds on the prime factors of odd perfect numbers using
the number of distinct prime factors it may possess.
1. Introduction
Euclid himself, in book IX of his magnum opus, The Elements, stated and proved a method for
finding even perfect numbers. Many hundred years later, Euler proved that this method found all
even perfect numbers, though his method said nothing about the odd kind. The earliest references
to the Odd Perfect Number Quandary (the problem of proving the existence/non-existence of odd
perfect numbers) can be found in the mathematical letters between Fr. Marin Mersenne and Rene
Descartes in 1638, in which Descartes proposed that these elusive entities might, indeed, exist.
Generations of mathematicians, amateur or professional, have attacked this problem [5].
The Eulerian Form: The Eulerian Form [8] of odd perfect numbers (referred to as EF throughout
the paper) comprises, arguably, the most important contribution to Sylvester’s Web Of Conditions,
due to Euler. It states that if a number n is an odd perfect number (OPN), then n is of the form
n = pbq1
2a1q2
2a2 . . . qr
2ar where p, q1, q2, . . . qr are prime, and p ≡ b ≡ 1 (mod 4).
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The paper is organised as follows:
As a preliminary, we prove a well-known result concerning σ−1(n) (the sum of the reciprocals of the
factors of n).
We establish, in Theorem 3.1., stringent bounds on the reciprocal factor sum of an OPN, irrespective
of the exponents of the primes in its prime factorisation.
In Theorem 3.2., we establish an upper bound on the prime factors of n, using the previous theorem
and the number of distinct prime factors of the OPN. We provide tables of these upper bounds.
2. A Preliminary
All through the paper, n is an OPN and p a prime. We first, for the sake of completeness, give proof
of a well-known result:
σ−1(n) =
∏
p|n
hp∑
k=0
p−k = 2 (2.1)
where hp is the degree of p in the prime factorisation of n.
Proof of (2.1). We know, from the definition of odd perfect numbers, that σ(n) =
∏
p|n
∑hp
k=0 p
k = 2n, where σ(n) is the divisor sum. Hence
2 =
σ(n)
n
=
∏
p|n
∑hp
k=0 p
k
n
=
∏
p|n
∑hp
k=0 p
k
∏
p|n p
hp
=
∏
p|n
∑hp
k=0 p
k
php
=
∏
p|n
hp∑
k=0
p−k (2.2)
We use this result in the main section of this paper.
3. Main results
We start by proving bounds for
∏
p|n
∑α
i=0 p
−i for a predetermined α.
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Theorem 3.1..
2α+2
ζ(α+ 1)(2α+1 − 1)
<
∏
p|n
α∑
i=0
p−i < 2
for a positive integer α ≤ hp ∀p (where ζ(s) is the Riemann Zeta Function).
Proof. We have observed above,
∏
p|n
hp∑
k=0
p−k = 2.
Let hp ≥ α ∀p, for some α. Then,
2 =
∏
p|n
hp∑
k=0
p−k ≤
∏
p|n
(α+1)⌊
hp
α+1⌋+α∑
k=0
p−k (since (α+ 1)⌊
hp
α+1⌋+ α ≥ hp)
=
∏
p|n
α∑
i=0
⌊
hp
α+1 ⌋∑
j=0
p−(j(α+1)+i)
=
∏
p|n
( α∑
i=0
p−i
⌊
hp
α+1 ⌋∑
j=0
p−j(α+1)
)
=
∏
p|n
α∑
i=0
p−i
∏
p|n
⌊
hp
α+1 ⌋∑
j=0
p−j(α+1)
<
∏
p|n
α∑
i=0
p−i
∏
p|n
∞∑
j=0
p−j(α+1)
<
∏
p|n
α∑
i=0
p−i
∏
p prime, p6=2
∞∑
j=0
p−j(α+1)
=
∏
p|n
α∑
i=0
p−i
∏
p prime
∑∞
j=0 p
−j(α+1)
∑∞
j=0 2
−j(α+1)
=
∏
p|n
α∑
i=0
p−i
∏
p prime
1
1−p−(α+1)
1
1−2−(α+1)
=
(
ζ(α+ 1)/
2α+1
2α+1 − 1
)∏
p|n
α∑
i=0
p−i (since ζ(s) =
∏
p prime
1
1− p−s
)
⇒ 2 <
(
ζ(α + 1)
2α+1 − 1
2α+1
)∏
p|n
α∑
i=0
p−i
⇒
2α+2
ζ(α + 1)(2α+1 − 1)
<
∏
p|n
α∑
i=0
p−i. (3.3)
And α ≤ hp. But we know, from the EF, that every exponent (the hps), is even other than the first.
So the final product in (3.3) does not have α = hp for all p.
∴
∏
p|n
α∑
i=0
p−i <
∏
p|n
hp∑
i=0
p−i = 2
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To summarise,
2α+2
ζ(α + 1)(2α+1 − 1)
<
∏
p|n
α∑
i=0
p−i < 2 (3.4)
Also, since α = 1 works (hp obviously ≥ 1), we have
8
3ζ(2)
=
16
pi2
<
∏
p|n
(
1 +
1
p
)
< 2 (3.5)
Remark 3.1.. Note, however, that 16
pi2
≈ 1.621138938 is not as strong as the bound obtained
by placing α = 2, i.e., 167ζ(3) ≈ 1.901502566 (computed on Wolfram Alpha [3]). The α = 2 case is
plausible, since all other exponents besides the first are even, so ≥ 2, and the first is of the form 4k
+ 1 (see Introduction, Eulerian Form). This gives us two cases, (1) the first exponent, b, is 1, or (2)
b > 2 (5, 9, ...).
Following the proof of Theorem 3.1., and isolating the first prime, q, in the first line, we have
Case 1.
16q3
7ζ(3)(q3 − 1)
<
(
1 +
1
q
) ∏
p|n,p6=q
(
1 +
1
p
+
1
p2
)
< 2
But since
16
7ζ(3)
<
16q3
7ζ(3)(q3 − 1)
,
16
7ζ(3)
<
(
1 +
1
q
) ∏
p|n,p6=q
(
1 +
1
p
+
1
p2
)
< 2 (3.6)
The upperbound, 2, holds since the product still cannot have α = hp ∀p, since all the even exponents
cannot be 2 [10]. And the other case is simply α = 2, i.e.,
Case 2.
16
7ζ(3)
<
∏
p|n
(
1 +
1
p
+
1
p2
)
< 2 (3.7)
This provides an efficient, though not optimal method for proving a number is NOT an OPN, since
one does not need to know the exponents of the primes (thus not needing a complete factorisation).
These two cases also make evident why all three of 3,5 and 7 cannot divide an OPN.
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Theorem 3.2.. If n is an OPN and ω(n) = m is the number of distinct prime factors of n, then
there exist primes pI1 , pI2 and pI3 such that the first, second and third prime factors are less than
the respective pIks, where the pIks can be determined, given m, (pr is the r
th prime).
Proof. Let n (arbitrary odd perfect number) be written as,
n = pa1i1 p
a2
i2
· · · pamim .
We rewrite the product from Theorem (3.1.) as
j=m∏
pij |n, j=1
(
1 +
1
pij
)
(3.8)
and define
ρ(1)r =
r+m−1∏
j=r
(
1 +
1
pj
)
. (3.9)
It is evident that ρ
(1)
i1
≥ the product of (3.8). But note that
lim
r→∞
ρ(1)r = 1 <
16
pi2
.
Therefore,
∃ I1 such that ρ
(1)
r <
16
pi2
∀r > I1
∴ i1 ≤ I1 and pi1 ≤ pI1 , if n is an OPN, as claimed. (3.10)
Similarly, we define
ρ(2)r =
(
1 +
1
3
) r+m−2∏
j=r
(
1 +
1
pj
)
, so that
ρ
(2)
i2
≥
(
1 +
1
pi1
) j=m∏
pij |n, j=2
(
1 +
1
pij
)
(3.11)
and note that
lim
r→∞
ρ(2)r = 1 +
1
3
<
16
pi2
.
∴ ∃ I2 such that ρ
(2)
r <
16
pi2
∀r > I2
∴ i2 ≤ I2 and pi2 ≤ pI2 , if n is an OPN, as claimed. (3.12)
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And finally,
ρ(3)r =
(
1 +
1
3
)(
1 +
1
5
) r+m−3∏
j=r
(
1 +
1
pj
)
, so that
ρ
(3)
i3
≥
(
1 +
1
pi1
)(
1 +
1
pi2
) j=m∏
pij |n, j=3
(
1 +
1
pij
)
(3.13)
lim
r→∞
ρ(3)r =
(
1 +
1
3
)(
1 +
1
5
)
<
16
pi2
.
∴ ∃ I3 such that ρ
(3)
r <
16
pi2
∀r > I3
∴ i3 ≤ I3 and pi3 ≤ pI3 , if n is an OPN, as claimed. (3.14)
Unfortunately,
(
1+ 13
)(
1+ 15
)(
1+ 17
)
> 16
pi2
, so these methods do not apply to other prime factors.
A table of the values of pIk for each m upto 20, follows. The list begins from 9, since ω(n) ≥ 9 if
n is an OPN, as established by Nielsen in [4].
pIk (for α = 1)
m k=1 k=2 k=3
9 11 31 509
10 11 31 593
11 11 37 659
12 13 41 739
13 13 43 811
14 13 43 881
15 13 47 947
16 13 53 1031
17 17 53 1093
18 17 59 1171
19 17 61 1237
20 17 61 1301
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A well-known result due to Perisastri [6] states that an OPN with m distinct prime factors has
its lowest prime factor ≤ 23m + 3. The method proved in this paper produces marginally stronger
bounds.
These results, combined with previous results concerning the prime factors of OPNs, may be used
for future research into the problem.
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